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Abstract. The aim of this paper is to present the construction, out of the 
Kohn-Rossi complex, of a new hypoelliptic operator Ql on almost CR man- 
ifolds equipped with a real structure. The operator acts on all (p, q)-forms, 
but when restricted to (p, 0)-forms and (p, n)-forms it is a sum of squares up 
to sign factor and lower order terms. Therefore, only a finite type condition 
condition is needed to have hypoellipticity on those forms. However, outside 
these forms Qj^ may fail to be hypoelliptic, as it is shown in the example of 
the Heisenberg group H^. We also look at the Predholm properties of and 
show that the corresponding Predholm index is zero. 



Introduction 

Homogeneity reasons prevent natural operators on CR manifolds to be elliptic, 
but they can be hypoelliptic in various other guises. An important example is 
the Kohn Laplacian: under suitable geometric conditions (i.e. y(g)-condition) the 
Kohn Laplacian is maximal hypoelliptic and hypoelliptic with a gain of 1 derivative 
(see [Kohl) . |FS| . |BGj ). but in general it may have rather subtle hypoelliptic 
properties (see [GET], [FK], [FKM] , [K5) . pM] . [NS] ). 

The aim of this paper is to present the construction of a new hypoelliptic op- 
erator on almost CR manifolds, that is, manifolds M together with a subbun- 
dle H C TM which is equipped with an almost complex structure J G EndiJ, 
= —1. This construction is partly inspired by the second order signature op- 
erator of Connes-Moscovici [CM] and an earlier version on 3-dimcnsional contact 
manifolds was presented in [Poj . 

In order to construct our operator it is crucial to further assume that the hori- 
zontal subbundle H admits a real structure, i.e., there exists a subbundle L d H 
so that H = L (B JL. This implies the vanishing of the first Chern class of H, 
so an almost CR manifold does not admit a real structure in general. However, 
as explained in Section [ll there is a handful of interesting examples of CR mani- 
folds which do admit a real structure. Among these are real hypersurfaces of C"+^ 
that are rigid in the sense of [BRTj . nilpotent Lie groups and CR nilmanifolds, 
some CR symmetric spaces in the sense of [KZ| . and contact manifolds equipped 
with a Legendrian subbundle, including circle bundles associated to the geometric 
quantization of symplectic manifolds. 
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The existence of a real structure allows us to define a chirality operator which 
is analogous to the Hodge ★-operator and maps {p, q)-forms to (n — p,n — g)-forms 
(where n is the complex dimension of dimiJ). We then can define a second order 
differential operator by letting 

where dn is the horizontal 9-operator of Kohn- Rossi ( [KR] . |Kohl| V This operators 
acts on (p, (7)-forms and anticommutes with the chirality operator 7. 

When restricted to {p, 0)-forms and {p, n)-forms Ql agrees with a sum of squares 
up to sign factor and lower order terms (see Proposition 13 . 2p . Therefore, whenever 
M has finite type, on these forms Ql is maximal hypoelliptic, which in this context 
implies that the operator is hypoelliptic with gain of one derivative (see Section . 
In fact, it even admits a parametrix in the class of singular-integral operators of 
Rotschild-Stein [RS| and, when codimiJ = 1, it further has a parametrix in the 
Heisenberg calculus of Beals-Greiner [BGj and Taylor [Taj . Notice that in order for 
all these properties to hold only the finite condition is needed. In particular, when 
codim H — 1 we may allow (M, H) to be weakly pseudoconvex. 

The hypoelliptic properties of Ql contrast with that of the Kohn Laplacian. 
For instance, on strictly pseudoconvex CR manifolds Ql is hypoelliptic precisely 
in bidegrees where the Kohn Laplacian is not. In particular, in dimension 3 the 
operator is hypoelliptic in every bidegree, while the Kohn Laplacian is hypoel- 
liptic in none. In addition, on weakly pseudoconvex CR manifolds that are not 
strictly pseudoconvex Ql may be maximal hypoelliptic, while the Kohn Laplacian 
may not. 

On the other hand, outside [p, 0)-forms and (n, 0)-forms the operator Ql may 
fail to be hypoelliptic. This fact is illustrated in Section [5l where we look at 
the operator on the 5-dimensional Heisenberg group H^. In this setting we 
explicitly construct a (0, l)-form which annihilates Ql but is singular at the origin. 
This shows that Ql is not hypoelliptic on (0, l)-forms. Similar arguments also show 
that Ql is not hypoelliptic on (1, l)-forms or on (2, l)-forms either. Therefore, in 
the case of this is only on (p, 0)-forms and {p, n)-forms that Ql is hypoelliptic. 

Finally, a long standing problem in CR and contact geometry is to prove an ana- 
logue of the Atiyah-Singer index formula in those geometric settings. Part of the 
difficulty is that for CR and contact manifolds a horizontal version of the Dirac op- 
erator construction does not provide us with a hypoelliptic operator. For instance, 
the CR analogue of the d + d -operator is the operator Oh + whose square is 
the Kohn Laplacian, hence is not hypoelliptic on all (0, g)-forms. Therefore, there 
is a need to find an alternative to the Dirac construction. 

In some sense the operator Ql provides us with such an alternative. This opera- 
tor is hypoelliptic and it anticommutes with an analogue of the Hodge ★-operator, so 
it is very much like a signature operator. The hypoellipticity oi Ql on (p, 0)-forms 
and (p, n)-forms implies that on those forms Ql is Fredholm, so we can associate 
to Ql a Fredholm index (see Section [S]). However, this index can be shown to be 
zero (see Proposition 16 . 1 p . so it does not have any special geometric meaning. 

This paper is organized as follows. In Section [U we present the main definitions 
and examples regarding real structures on almost CR manifolds. In Section [2l we 
construct the chirality operator 7 mentioned above. In Section [Sj we construct the 
operator Q l and we derive a local expression which shows that on [p, 0)-forms and 
(p, n)-forms Ql is a sum of squares up to sign factor and lower order terms. In 
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Section 131 we study the hypoellipticity properties of Ql on (p, 0)-forms and (p, n)- 
forms. In Section O we look at the operator on the Heisenberg group and 
iUustrate on this example the fact that Q l may fail to be hypoelliptic outside forms 
of bidegree (p, 0) and {p,n). In the last section, Section [6l we study the Fredholm 
properties of the operator and show that its index is actually zero. 

Acknowledgements. I am very grateful to Olivier Biquard, Louis Boutet de Monvel, 
Alain Connes, Charlie Epstein, Henri Moscovici, Michel Rumin, Xiang Tang and 
Alan Weinstein for helpful and stimulating discussions related to the subject matter 
of this paper. 

1. Real structures on CR manifolds 

Let M be an almost CR manifold, i.e., M is equipped with a subbundle H C TM 
carrying an almost complex structure J e C°° {M, H), = —1. This gives rise to 
a CR structure when J is integrable, i.e., the subbundle Ti^ :— ker(J + i) C TcM 
is integrable in Froebenius' sense. 

We don't assume H to have codimension 1, that is, {M,H) need not be of 
hypersurface type. In any case n := ^ dimH is an integer, called the CR dimension 
of M. 

In addition, we shall say that M is of finite type, when Hormander's bracket 
condition is satisfied, i.e., at every point TM is spanned by successive Lie brackets 
[Xi, [X2, [. . . , Xm] . . .]] of vectors fields with values in H. 

Definition 1.1. A real structure on H is given by the datum of a rank n real 
subbundle L d H such that 

(1.1) H = L®JL. 

If L is real structure on H , then the decomposition (11.11) yields an involution 
X ^ X_oiv the fibers of H defined by 

(1.2) Xi + JYi =Xi- JYi VXi.Yi eC°°{M,L). 

Notice that L = kcr(^ — 1) and J^L — ker(^ + !)■ Conversely, if l is an involutive 
section of EndRi? anticommuting with J^, then the subbundle L :— ker(t — 1) 
defines a real structure on H. 

Let us now look at some examples of real structures. 

A. Rigid real hyper surf aces. Let us denote (z^, . . . , z", w) the complex coordinates 
on C"'"'""'^. In terms of real and imaginary parts we shall write — + «?/■', 
j — 1, . . . , n, and w — u + iv. Consider a real hypersurface of the form, 

(1.3) M^{v^F{zrz)}, 

where F{z, z) is some real-valued function. In the terminology of |BRT| such a 
hypersurface is said to be rigid. Examples of such hypersurfaces are given by the 
hyperquadrics g^"+i {v = Y.%i - Y.]=p+i p + q^n. 

We equip A/ with the CR structure induced by the complex structure of C"+^, 
i.e., the differential Jq of the multiplication by i on T<C^'^^ . Therefore we have 
H — TM n Jq{TM) and the complex structure of H is just J = Jq^m- Then the 
CR tangent bundle Ti,o := kcr( J - i) agrees with ri'°C"+i n TqM. In particular, 
a global frame of Ti^o is given by the vector fields, 



For j — 1, . . . ,n. set Zj — Xj — iYj, where Xj and Yj denote the real and 
imaginary parts of Zj, i.e., 



Odd d d d 

ox^ ou ov oyi ou ov 



Then the vector fields Xi , . . . , X„ and li , . . . , form a frame of H such that 
JXj = Yj. Therefore, if we let L denote the subbundle spanned by Xi,. . . ,Xn 
then H — L® JL, that is, L defines a real structure on H. 

B. Nilpotent Lie groups and CR nilmanifolds. Let 11^"+^ denote the (2n + 1)- 
dimensional Heisenberg group. We realize H^"+^ as M x R^" equipped with the 
group law, 

(1.6) x.y = (a;" + J/" + ^ (x"+^y^'-a;J2/"+^),a;i+y\...,a;^"+?/^"). 

l<]<n 

This group law is homogeneous with respect to the parabolic dilations, 

(1.7) i.(x°,a;\...,a;2") = (t2a;0,te\...,te2") t > 0. 

Identifying the Lie algebra of H^"+^ with the Lie algebra of left-invariant 

vector fields, a basis for jg provided by the left-invariant vector-fields, 

where j ranges from 1 to n. In particular, for j,k = 1, . . . , n and fc 7^ j we have the 
relations [Xj,Xn+k] = -26jkXo and [Xo,Xj] = [Xj,Xk] = [Xn+j,Xn+k] = 0. No- 
tice also that with respect to the dilations (|1.7p the vector fields Xq is homogeneous 
of degree —2, while Xi, . . . , X2n are homogeneous of degree —1. 

Let H be the subbundle spanned by Xi, . . . , X2n- We endow H with the complex 
structure such that J^Xj — and JXn+j = —Xj. This defines a homoge- 

neous left-invariant CR structure on 11^"+^. A left-invariant real structure on H is 
then provided by the subbundle L spanned by Xi , . . . , Xn ■ 

More generally, let G be a real nilpotent Lie group which is stratified, in the 
sense that its Lie algebra g :— TqG admits a grading by vector subspaces, 

(1.9) Q = i)i® ■■■®t)k, 

such that i)j := j = 2,...,k. Set (] = f)i and assume that dims f} is 

even, say dimR f) — 2n. As a real vector space [) is isomorphic to C", so it admits 
a complex structure Jq. Let H be the subbundle of left-invariant vector fields 
such that H|a;=o — ^ ^ind let JT" be the almost complex structure on H such that 
>J\x=o = '^Q- Then H and define a left-invariant almost CR structure on G. 

Let [ be an n-dimensional real subspace of f) such that (} = I ® JqI, and let 
L denote the subbundle of left-invariant vector fields such that L^^^q — I. Then 
H = L (B i/L, so L gives rise to a left-invariant real structure on H. 

Let F C G be a lattice, i.e., a discrete cocompact subgroup of G. ThenM :— F\M 
is a compact nilmanifold. Since H and are left-invariant, and F acts on left, they 
descend to M, hence define a natural CR structure on M. Similarly L descends to 
a vector bundle on M and thereby gives rise to a real structure on M. 
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C. CR Symmetric Spaces. Let G be a connected Lie group with Lie algebra g and 
let j (z G have order 4. Let r be the automorphism t{x) — jxj^^, x £ Gq, and 
let Gt denote the fixed point group of r. Set s — and ct = t^, so that a is an 
involutive automorphism of Gq. 

Let if be a compact subgroup of Gr with Lie algebra i and let I be an Ad{K)- 
invariant subspace of ker(Ad(s) + 1) such that [n Ad(j)[ = {0}. Set f) = [© Ad(j)[; 
this an Ad(iir)-invariant subspace. Let a denote the Lie algebra generated by [} 
and let us further assume that g = J + a. In addition, since K is compact and f) is 
Ad(if )-invariant, there is a subspace p of g containing t) such that g = ? p. 

Under these conditions M :— G/K is a CR symmetric space in the sense of 
Kaup-Zaitsev (see |KZ[ Sect. 6]). Let o e M denote the class of 1. Then TqM is 
isomorphic to p and under this identification there are a unique G-invariant bundle 
H C TM and a unique G-invariant almost complex structure on H such that 
Ho = t) and j7o — Ad{j)\tj. In addition, the condition g = i + a, where a is the Lie 
algebra of f), insures us that this CR structure is of finite type (c/. [KZ', Prop. 6.2]). 

Let L denote the unique G-invariant subbundle of H such that Lq = [, then we 
have H = L (B JL. Therefore L defines a G-invariant real structure on M . 

The above construction can be illustrated by the following example. We take 
G = SU{n), so that the Lie algebra g — 5u{n) consists of trace-free skew-Hermitian 
matrices. In addition, we let p and q be positive integers so that n = p + q. 
Identifying C" with C we shall write n x n-matrices as block matrices 
a b \ ^ , . f 1 



^ J. Set i Q j- This is a 4th-order element of SU{n) and we 



(1.10) 

(1-11) 



a b 

c d 

a b 

c d 



Ad(j) 
Ad(s) 



a 


b ^ 




ib 


c 


d J 


1 = ( -.e 


d 


a 


b ^ 




-b 


c 


d , 




d 




m+ € 


D m_ , where 





(1.12) m+ := ker(Ad(s) - 1) = <{ ( ^ |j ) ; a e u(p), d G u(g), Tr a Tr d = 



(1.13) m_ := ker(Ad(s) + 1) 



b 

-b* 



Set K := SO{p) x SO{q) | ( q d) '^^ ^ SO{p),d e SOiq)^ This is a 
(compact) subgroup of Gr. Define [ := m_ n Af„(R), i.e., 

(1.14) ) ;^eA/p,,(M)|. 

Then [ is an Ad(if )-invariant subspace such that in Ad(j)[ = {0}. In fact, we have 
f) := [ Ad(j)l — m_ and, using elementary matrices, it is not difficult to check 
that [m_,m_] = m+. Therefore g agrees with the Lie algebra generated by f). It 
then follows that SU{n)/{SO{p) x SO{q)) is a CR symmetric space of finite type 
with a 5'C/ (n)-invariant real structure defined by [. 
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D. Contact manifolds, Legendrian subbundles and geometric quantization. Assume 
that (Af^"+^,_ff) is an orientable contact manifold, i.e., H is the annihilator of a 
globally defined contact form 9 on M. Let J' be an almost complex structure on H 
which is calibrated with respect to dd^H, i-e., ge.j{X, Y) := dd{X, JY) is a positive- 
definite metric on H (since M is orientable such an almost complex structure always 
exists). In particular {H,J) defines an almost CR structure on M. 

Let L be a Legendrian subbundle of iJ, i.e., L is a maximal isotropic subbundle 
of d6\ii. If X and Y are sections of L, then we have 

(L15) 9e,j{X, JY) = d9{X, j'^Y) = -de{X, Y) = ei[X, Y]) ^ 0. 

This implies the orthogonal decomposition H = L®JL, so L defines a real structure 
independently of the choice of J . 

Conversely, suppose that i is a subbundle H of rank n such that L and JL are 
orthogonal. As in (jl.lSp if X and Y are sections of L, then 

(1.16) de{X, Y) = -9{[X, Y]) = -ge,j{X, JY) = 0. 

Hence L is a Legendrian subbundle of H. 

As we shall now recall examples of contact manifolds equipped with a Legendrian 
subbundle naturally occur in the context of the geometric quantization of symplectic 
manifolds. 

Let (X^", w) be a symplectic manifold which is prequantizable, i.e., the cohomol- 
ogy class of -^lu is integral (see, e.g., [AE| . [Woj ) . Then there exists a Hermitian line 
bundle (L, h) on X with a metric connection with curvature — —ioj. Let L* 
denote the dual line bundle with unit sphere bundle S*{L) := g L*; h{^, ^) = 1}. 
Recall that the connection 1-form of the dual connection makes sense as a 
globally defined real 1-form on the total space M of S{L*). This can be seen as 
follows. 

Let ^ be a local section of S{L*). Regarding ^ as a non-zero section of L* it 
defines a local trivialization of L* with respect to which we have = d + ia, 
where a —ih{£^, W^*^). Notice that, as is a metric connection, a must be a 
real 1-form. Let A denote the local fiber coordinate on M defined by ^ and consider 
the real 1-form defined by 

(1.17) e ■.= p*a-iX-^d\, 

where p : M — > X is the fibration of M over X. 

Let ^' be another local section of S{L*) and set a' := —ih{^', \/^*C) and ^' = /i^, 
where ^ is an S'^-valued function. Then a' = a — ifi~^d^. The local fiber coordinate 
on M defined by ^' is A' = (p*/i)^^A, so the 1-form (|1.17p corresponding to ^' is 

(1.18) 9' ^p*a' - iX'-^dX ^p*[a- ifj-^dn] - i[(p»"^ A]"^d[(p»"^ A] 

= p*a-i\-^d\ = 9. 

This shows that the 1-form 9 in ()1.17|) does not depend on the choice of the local 
section ^, so it makes sense globally on M. 

Let H = ker6' and let V := kerdp C TM be the vertical bundle of M. It 
follows from (|1.17p that H OV — {0}, so dp induces an isomorphism from H onto 
TX. Using (|1.17p we also see that locally d9 = p*da. By assumption we have 
ida = = ~F^ — ioj, so d9 = p*uj. Since dp induces an isomorphism from H 
onto TX, it follows that d9 is non-degenerate on H, i.e., 6* is a contact form on H. 
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Let us further assume that {X, u) is quantizable in the sense that it admits a 
Lagrangian subbundle, i.e, a subbundle A C TX which is maximal isotropic for lu 
(see, e.g., [AEj . [Wo| ) . Then the subbundle L := p*A O H is maximal isotropic for 
dO, i.e., L is a Legendrian subbundle of M. Therefore, we see that the quantization 
of a symplectic manifold naturally gives rise to a contact manifold (A/, 6) equipped 
with a Legendrian subbundle. 

2. Real structure and chirality operator 

Throughout the rest of the paper we let (M, H) be an almost CR manifold of 
CR dimension n. We also assume H to have a real structure L, that is, 

(2.1) H = L®JL, 

where denotes the almost complex structure of H . 

In addition, we endow L with a Riemannian metric g^. Extending to be zero 
on J^L X H and H x J^L, we endow H with the Riemannian metric, 

(2.2) 9H ■■^9Li■,■)+gL{J■,J■)■ 
With respect to this metric J becomes an isometry and the splitting (II. ip becomes 
orthogonal. If {M,H) is of finite type, then we see that {H^gn) defines a sub- 
Riemannian structure on M compatible with its the almost CR structure. 

We fix a choice of supplement N oi H va TM . This allows us to identify H* with 
the annihilator of N in T*M. We also set Ti_o = ker( J' + i) and Tq,i = ker(J' - i). 
Notice that Ti^o — 7o,i. Moreover, extending gn into a Hermitian metric on TcM 
we get the orthogonal decomposition, 

(2.3) H®C = Ti,q®Tq,i. 

For p, g = 0, . . . , n we let A^'-? {A^'°)p A {A°'^)i denote the bundle of {p, q)- 
covectors, where A^'*^ and A*^'^ are the respective annihilators in T^M of the sub- 
bundles To,i ® {Af® C) and Ti,a ® {Af®C). We then have the orthogonal splitting, 

71 

(2.4) hlH* = AP'«. 

We shall now turn the bundle of (p, (7)-covectors into a super-bundle by equipping 
it with a suitable chirality operator. To define the latter we shall make use of the 
real structure oi H . To this end we extend the involution (|1.2p into the antilinear 
involution on H ® €, defined by 

(2.5) X + iY ^ X- iY_ yX,Y eC°°{M,H). 

This involution preserves both Ti^o and To,i. Therefore, by duality it gives rise to 
an antilinear involution of A*'* preserving the bidegree. As we shall see the latter 
property will be crucial in the construction of the operator in the next section. 

Let vh{x) be the volume form of gn (seen as a section of A"'"), and let g*^ denote 
the Hermitian metric on A*'* induced by gn- The operator ★ : A*'* — > A"^*'"~* is 
uniquely determined by the formula, 

(2.6) P h±a^ g*H{p,a)vH{x) Va, /? S C°°(M, AP-'). 

Let Xi, . . . , Xn be an orthonormal frame of L. Since the splitting H — L®JL is 
orthogonal we see that {Xj^ J^^j} is an orthonormal frame of H. For j — 1, . . . ,n 
we set Zj = -^{Xj - iJXj) and = 75 (ATj + iJXj). Then {Z^} and {Zj, Zj} 
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are orthonormal frames of Ti^o and H iSi C respectively. Any orthonormal frame 
of C obtained by a similar process is said to be admissible. Notice that the 
invariance of L under the involution p.2p imply that Zj = Zj and Zj = Zj. 

Let {9^ , 0^} be the coframe of H* (g) C dual to {Zj, Zj}. For any ordered subsets 
J = {ji, . . . , jp} and K = {ki, . . . ,kq} of {I, . . . ,n} with ji < . . . < jp and ki < 
... <kqwe set O'^'^ := 9^ A - ■ ■ AO^" AO''^ A - ■ ■ A 9'"" . Then {9-'^^} is an orthonormal 
coframe of A*'*. 

If J = {ji, . . . , jp} is an ordered subset of {1, . . . , n} with ordered complement 
= {j'l, . . . , j,'i-p}j then we let e(J, J'^) denote the signature of the permutation 

(2.7) (ii,---,jp,ji,---,j,'i-p) — > (1, •••,")• 

Notice that we always have e(J, J'=)e(J^ J) = for e(J, J'')e{J'', J) is the 

signature of the permutation {ji, . . .,jp,j[, . . .,3'n-p) ifi, ■ ■ -Jn^pJi, ■ ■ -Jp)- 

Lemma 2.1. 1) We have 

(2.8) ★6i'''^ = z"(-l)^^T^+«("-?')e(J, J'=)e(i4:,7^=)6l^'^'■^^ 
2) On AP'« we have 

(2.9) ^2 ^ 

Proo/. Set 6*"^" := A • • • A 6*" A A • • • A 6*". Since is oriented by means of its 
almost complex structure, locally we have 

(2.10) vnix) = ^"e'l A A • • • A 6*" A r = r(-l)^^^6'"'". 
Therefore Eq. (|2.6p can be rewritten as 

(2.11) /?A*a = ^"(-l)''^<?^(/3,a)6'"'" Va, /5 e C°°(M, A"'-?). 

Let Jo and Kq be ordered subsets of {1, . . . ,n} of respective lengths p and g, 
and set uj := ★6''^''.^o _ ^ ^^^^qJ,k ^ rpj^g ^-^^^ n)-component of w A O'^'^ is equal to 

±Aj_^c6'"'", so from (|2.1ip we see that Xjc ^c = unless J — J§ and iiT = Kq, i.e., 

we have w = Ajc K^d^^'^o . In particular, from (|2.1ip we get 

(2.12) i"(-l)^^^6l"'" = 61"'°-^° A w = XisJ?S^^°^^° ^ 

Next, upon writing 6'"'o'-^'« = 6'-'«'° A 0"^-^" and 9''o^^o = 6'-'o^° A 9'^'^o we get 

(2.13) 6'-^"'-'^" A 9-^«^'^« = (-i)9("-p)6»"'o^o A 6'"'o^° A o^'^«o^^'^o 

= (-l)?("-rt£(j„^ Jo^)e(i^o,i^§)^"'*'- 

Comparing this with (^1^ yields \j^,k- = «"(-1)^^^t^+'?("~p)£( Jo, JSHKq, K§). 
Thus, 

(2.14) *6''^''"^« = i"(-l)^^^+''("-P)£(Jo, Jo)e(^4'o,^o)^'^"°'■^°■ 
Now, using (|2.8p we see that ^2^Jo,a:o equal to 

(2.15) (-l)"+'("-'')+("-«)''£(Jo^Jo)e(ifo^^o)e(^o, Jo')e(/^o,i^§)e^°''^°. 
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Since e{J^, Jo) - (-l)("-f)fe(Jo, J^) and siK^, Kq) = (-l)("-«)«e(Xo, K^) we get 

(2.16) iV = g(7i - p) + (n — g)p + (n - p)p + (n — g)g = (2n — p — q){p + q) 

= {p + qf =v + q mod 2. 
Hence ★20Jo:ifo ^ (_i)n+p+ggJo,/?o, This proves that = on Ap^?. □ 

Next, the chirahty operator 7 : A*'* ^ A*'* is defined by 

(2.17) 7 = i"+(P+'')' ★ on AP'«. 
Notice that 7 maps AP'« onto A"~p^"-«. 

Lemma 2.2. The operator^ is a 'L2-9Tading, that is, it satisfies 

(2.18) 7^ = 1 and 7* = 7. 
Proof. First, thanks to Lemma [TTl on A^''' we have 

(2.19) 7^ = ^2n+(2n-p-q)2 + (p+q)2^2 ^ j2n+2(p+g)2 j^-jn+p+q ^ ^ 

Next, let {6''^'^} be the coframe of A*'* associated to an admissible frame {Zj, Zj} 
of (X) C, and let J and K be ordered subsets of respective lengths p and q. Then 
by dM]) and (PTTT)) we have 

(2.20) 76'''"^ = i(P+9)'(-l)^^^+«("-P)e(J, J=)e(i^,ii:'=)6'"'''-f^'. 
bmce is an orthonormal coframe, this gives 

(2.21) 7*6»'^'^^-^'= = (-i)(P+«)' (-l)''^+«("-P)£( J, J'=)e(if , K'')e-''^. 
Thus for ^•^'^ we obtain 

(2.22) 7*6l^'^ ^ (-^)(2"-P-9)'(_l)^^^+(«-'^)Pe(J=, j)e(ii:'=,X)6'^'''-^°, 

= (-i)(p+9)'(-i)^^^+(«-9)p+p(«-p)+9("-9)e(j^ .r)e{K,K'')e-'''-^''. 
As by (I2l6)l we have (-1)("-9)p+p("-p)+9("-9) ^ ^ ^e get 

(2.23) Ye^-'^ ^i'-P+'^^\-l)'^+'^'-''-P^e{J,r)s{K,K'')9'^''-^^'' ^ ^0^^^ . 
Hence 7* = 7. The lemma is thus proved. □ 

3. The operator Ql 

We shall now construct a differential operator Ql acting on the sections of A*'* 
which is supersymmetric in the sense that it anticommutes with the chirality oper- 
ator 7. Furthermore, in suitable bidegree this operator will be hypoelliptic under 
the finite type condition alluded to in Section [1] 

First, recall that the tangential 9-operator of Kohn- Rossi ( [KRj . [Kohlj ) can be 
defined as follows. For any rj e C°°(M, A^''?) its differential uniquely decomposes 
as 

(3.1) dri = OhV + OhV + ^ ^ ^XoV, 

where Ohti (resp. dHv) is a section of AP'*+^ (resp. Ap+^'^). Moreover, when Ti^o 
2 

is integrable 9^ vanishes on (0, g)-forms, so that we then get a cochain complex 
Oh ■■ C^{M,A°-*) C°°(M, AO'*+i). 
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The operator Ql is defined by 

(3.2) Ql = - dH~d\,) ~ ^{d*HdH ~ dHd*H)^. 

In order to determine the local expression of Ql, let {Zj, Zj} be an admissible 
orthonormal frame of (g) C, and let {9^,9^} be the associated dual coframe of 
H* (g) C. In addition, we let e{9^) denote the exterior multiplication by 9^ and let 
l{9^) denote the interior product by 9^ (i.e. l{9^) is the contraction of forms by the 
vector field Z^). 

Lemma 3.1. For j,k — 1, . . . , n we have 

(3.3) je{9'^)j = u{9^), jL{9^)-f = -ie{9'^), 

(3.4) -fei9'^)L{9'')j = L{9^)ei9''), -iL{9^)e{9^)-i ^ e{9''^)L{9^). 

Proof. First, since 7^ = 1 the equalities ^e{9^)j — ii{9^) and ^i{9^)^ = —ie{9^) are 
equivalent to each other. Moreover, we can deduce from them the equalities (13. 4p . 
Therefore, we only have to prove that 7^(0^)7 = it(6'^). 

If J = {ji, . . . ,jp} is an ordered subset of {1, . . . , n} and j is an element of J'^ 
such that jk < j < jk+i we let e{j, J) — (—1)*^, so that e{j, J) is the signature of 
the permutation (j, ji, ...,jp)^ (ji, . . .,jk,j,jk+i, ■ ■ -Jp)- Then 



(3.5) .(^^V^^^i ^~(^'^)^''''"^^'^ if^^^' 



otherwise. 



Similarly, we have 



(3.6) c{9^)9-'^'< = ( ^ \ 0})^''^'^^^ if ^ ^ ^' 

^ ^ ^ ' { otherwise. 

Let J and K be ordered subsets of {1, . . . ,rt} of respective lengths p and q. 
Using ((2:20)) we get 

(3.7) 7e(0j')70^^^ = (-l)'^+«("-f)£( J, r)s{K, K'')-fe{9'^)9'^^'^\ 

In particular, we see that ^e{9^)^9'''^ — Qiij^K. 

Assume now that j is in K. Then using (|2.20p . p.5p and p.7p shows that 



(3.8) -te(9')-f9-'^''^ = (-l)'^+9(""P)e( J, J")£(i^, K'')e{], K^)j9-'^'^^^ii} 



= XiX2X39^'^\^^\ 

where we have let 

(3.9) Ai = i(p+gf+(2n-p-q+if^ X2 - (-l)'3("-p)+("-9+i)P£(j, J')e{J, J"), 

(3.10) A3 - e{K, K-)e{K^ U {j}, if \ {]})e{j, K^). 

Recall that given any integer m the difference m? — m = m(jn — 1) is always an 
even number. Thus, 

Moreover, as e{J, ,r)e{J, J") = (-1)p("-p) we have 

(3 12) A2 = (— l)'j("^P) + ("^'i')p+P+p(n-p) — j-_i)ng-2pq+2np+p-p^ _ (_iy"? 

Next, set if = {fci, . . . , kg} and K'^ U {j} = {/cj , . . . , k'^_g^i}. Then we have 
j — ki — k[, for some indices I and Z'. By definition e{K, K'^) is the signature of the 
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permutation (ki, . . . ,kq,k[, . . . , k'li , . . . , k'^-^^^^^) —> (1, . . . , n). The latter can also 
be seen the composition of the following permutations, 

(3.13) (fci, . . . , kq, k^, . . . , k'l' , . . . , fc„_q^]^) 

(ji fci J • ■ ■ J ^/j • • • I fcgj ^1 1 • • ■ I k'l' , . . . , fc„-q+l) 

> {ki , . . . ,ki, . . . ,kq, j,ki, . . . , k' II , . . . , fc„_q-|-i) 

> (fci, . . . , fc;, . . . , /Cq, fc-^, . . . , > (1, . . . , 7l). 

The respective signatures of these permutations are 

(3.14) e{j,K\{j}), e{j,K% 

(3.15) e{K \ {j}, U {]}) - (-l)(9-i)("-?+i)e(if- u {j}, if \ {j}). 

As (— 1)9^1( — l)(9^1)("^'3+l) = (— l)(9-l)("-9) — (_iy»9-'J^-"+<? = 

deduce that e{K,K'^) = (-l)(9-i)("-«)+£(j, if \ {j})e(j, if ^)e(if = U {j},K\{j}). 
Thus, 

(3.16) A3 = (-l)"+"%(j, if \{j}). 
Now, combining with ([XTT|) . ((51^ and ([XTC]) gives 



(3.17) 7£(0^^)70'^^^ = z(-l)"e(j,if \ {jDe-^'^^^^J, 
so using (j3.6p we get 

(3.18) 7e(6i^^)76l'''^ = z(-l)"/,(0^^)e''^^-^. 

Since L{9'^)e-^'^ = when j ^ if, this proves that 7e(e'^)7 = i(-l)"t(6l^). The proof 
is thus achieved. □ 

In the sequel we let O/f (0) denote a general zeroth order differential operator and 
we let 0//(l) denote a first order differential operator involving only differentiations 
along H^C . For instance, seen as differential operators, Zj and Zj both are 0^(1), 
but Xq is not. Bearing this in mind the following holds. 

Proposition 3.2. In the local trivialization of A*'* defined by the orthonormal 
coframe {6'^'^} we have 



(3.19) Ql^ J2 (s(^')^(^') - '•(^'X^')) (ZjZk + Z,Z-,) + Oh(1). 
In particular, in the local trivialization o/ A*'° © A*'" we have 

n 

(3.20) Ql =±Y,iZjZ] + Z]Zj) + Oh(1), 
where the sign ± is ~ on A*'*^ and + on A*'". 

Proof. Set Q'j^ :— B'^Bh — BhB^. One can check (see, e.g, [EG] ) that in the 
trivialization of A*'* defined by {9"^'^} we have 

n n 

(3.21) dH ^^e{e'^)Zj and % = -^L{e^)Zj + 0^(0). 



Therefore, 

n n 

(3.22) Q'l = -Y1 ^i(^'H0')Z,Z-, + e{0Mo')ZjZk + 0^(1) 

n 

Using Lemma [33] we get 

n 

(3.23) 7Ql7= E {ie{9M0'hZjZk-^L{e^)e{e^'hZ,Z-^}l+OH{l) 

3,k=l 

n 

= Y (i{e^)e{e^)z-^Zk- e{eMo'')z,z-^ +Oh{i). 

Combining this with (|3.22|) then shows that modulo 0^f(l)-terms we have 
Ql = Q'l- iQ'lI 

71 

= Y {£{0'W')ZjZk - i{e^)e{e'^)ZjZ-k - L{e^)e{e'')z-jZk + e{eMo'')z,z-^ 

j,k=l 

n 

= J2 {e{o^}i{e'')-i{0^)s{e'')) {Zjz, + z,z-,). 

Now, on AP'O we have e(6'^)i(6'''') = and L{ei)e{e^) = (5^'^. Therefore, on (p, 0)- 
forms we have 

n n 

(3.24) Ql^ E (-5^^^-)(ZjZfc + Z,Zfe)+0H(l) = -E(ZjZ,+Z,Zj) + 0h(1). 

j,k=l 3 = 1 

Similarly, as on A'''" we have £{9^)i{6^) ~ 5^'^ and l{0^)£{0^) — 0, we see that on 
(p, n)-forms Ql ~ J2^j=i{ZjZj + ZjZj) + (!)• The proof is now complete. □ 

4. Hypoelliptic Properties of Ql 

From now on we assume that AI is compact. This assumption is not essential, 
but it will simplify the exposition of what follows. In fact, all the following results 
can be localized and, as such, they continue to hold in the non-compact case. 

As {Zj} is an admissible frame, we can write Zj = -^{^j ^iXn+j), where {Xj} 
is a local orthonormal frame of L and Xn+j ■— JXj. Then using p.l9p we can 
check that on (p, 0)-forms and (p, n)-forms we have 

(4.1) Ql = ±{XI + ... + XI^) + 0h{1). 

This means that, up to sign factor and to an Oi/(l)-term, on these forms Ql is a 
sum of squares. A well-known result of Hormander |Hoj then insures us that when 
(Af, H) has finite type such an operator is hypoelliptic with gain of 2/r derivatives, 
where r denotes the minimal number of Lie brackets of vector fields with values of 
H that are needed to span TM . In other words, for all s G K, we have 

(4.2) QLueLl=^ueLly2^. 
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Given vector fields Xi, . . . ,Xjn spanning H at every point, FoUand-Stein [FS| 
and Rothschild-Stein |RS| introduced suitable functional spaces to study sums of 
squares. Namely, for fc = 0, 1, 2, . . . they defined 

(4.3) Sl{M) n ^ • ■ ■ ^ e {1, ■ • • , m}}, 

l<l<k 

which is a Hilbert space when endowed with the Hilbert norm, 

(4.4) ll"llsr= ( E E ll^^---^'""ln ' ^^SliM). 

\l<l<kii,--,il J 

These definitions also makes sense for sections of any vector bundle over M. 

If P is a differential operator of order m on M, we say that P is maximal 
hypoelliptic if, for all k € N, 

(4.5) Pu e Si =^ u e Sl^^. 

Rothschild-Stein [RSj proved that if (M, H) has finite type, then a sum of squares 
is maximal hypoelliptic and we have a continuous inclusion S^. C L\ . Incidentally, 

maximal hypoellipticity implies hypoellipticity with gain of ^-derivatives. 

In fact, Rothschild-Stein |RS| and Rothschild- Tartakoff |RT| even constructed 
parametrices for sum of squares in a suitable class of singular-integral operators. 
These operators enjoy various regularity properties, including mapping continuously 

to S'|_|_2. We refer to [RS] for a thorough account on these properties. 

Summarizing all this we obtain: 

Proposition 4.1. Assume that {M,H) is of finite type. Then on {p,0)-forms and 
{p, n) -forms Ql is maximal hypoelliptic and admits a parametrix in the class of 
singular-integral operators of Rothschild-Stein. 

Suppose now that {M,H) is of hypersurface type, i.e., codimiJ = 1. The Levi 
form of (M, H) is then defined as the Hermitian form, 

(4.6) C : Ti,o X Ti,o — > TcM/{H (g) C) 

such that, for all sections Z and W of Ti.o and for all x e M, we have 

(4.7) C^{Z{x),W{x)) = [Z,W]ix) modff^^C. 

It is not difficult to check that {M, H) is of finite type if and only if C does not 
vanish anywhere. 

On the other hand, when codimi? — 1 Beals-Greiner |BGj (see also }Taj ) con- 
structed a pseudodifferential calculus, the so-called Heisenberg calculus, containing 
a full symbolic calculus allowing us to explicitly construct parametrices for sums 
of squares, as well as for the Kohn Laplacian under the so-called condition Y{q) 
(see |BGj ). Therefore, we obtain: 

Proposition 4.2. 1) If codimH = 1 and C is non-vanishing, then on (p,0)-forms 
and (p,n)-forms Ql admits a parametrix in the Heisenberg calculus. 

2) If dim M = 3 and C is non-vanishing, then in every bidegree Ql is hypoelliptic 
and admits a parametrix in the Heisenberg calculus. 
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The hypoellipticity properties oi Ql show a new phenomenon with respect to 
what happens for the Kohn Laplacian, i.e., the Laplacian of the -complex, 



(4.8) 



'H- 



For CR manifolds of hypersurface type the invertibility in the Heisenberg calcu- 
lus' sense of the principal symbol of Oh on {p, q)-iorms is equivalent to the Y{q)- 
condition of Kohn [Kohl (sec [BG]). 

When the CR manifold (A/, H) is strictly pseudoconvex the condition Y{q) 
means that we must have < q < n. In particular, this excludes all the {p, q)- 
forms in dimension 3. Thus, in the strictly pseudoconvex case, the operator Ql has 
an invertible principal symbol precisely on forms where the Kohn Laplacian has 
not an invertible principal symbol. 

When (M, H) is not strictly pseudoconvex, but is weakly pseudoconvex, then 
the F((7)-condition always fails. However, if (M, H) has finite type and the Levi 
form has comparable eigenvalues then the Kohn Laplacian is hypoelliptic (see [Ko| 
and the references therein). There also are examples of CR manifolds whose Levi 
form does not have comparable eigenvalues and for which the Kohn Laplacian still 
enjoys nice regularity properties (see, e.g., [FKMj . [NSp . 

In contrast, the hypoellipticity of Ql on (p, 0)-forms and {p, n)-forms is indepen- 
dent of any convexity property of the Levi form, since the sole non-vanishing of C 
is enough to have maximal hypoellipticity. 



In the previous section we saw that when restricted to {p, 0)-forms and (p, n)- 
forms Ql is maximal hypoelliptic. In this section we would like to explain that 
that when restricted to other forms the operator Ql may fail to be hypoelliptic. 
To this end we shall look at the example oi Ql on the 5-dimensional Heisenberg 
group acting on (0, l)-forms. 

Notice that the (localized versions) of the notions of hypoellipticity alluded to 
in the previous section all imply the following usual notion of hypoellipticity: 



For homogeneous left-invariant differential operators on (and more generally 
on nilpotent graded Lie groups) this can be shown to be equivalent to maximal 
hypoellipticity (see jFoj ) . In this section we shall exhibit a (0, l)-form on which is 
singular at the origin and annihilates Ql- This will prove that Ql is not hypoelliptic 
on (0, l)-forms. 

Throughout this section we will keep on using the notation introduced in Exam- 
ple B of Section [1] to describe the Heisenberg group. Thus is M x equipped 
with the group law (|1.6p . We let Xq, . . . ,X4 be the left-invariant vector fields de- 
fined by (|1.8p . In this context H is the vector bundle spanned by Xi,. . . ,X4, it 
complex structure is such that J^Xj = X2+j and JJX2+j = —Xj for j — 1,2, 
and L is the vector bundle spanned by Xi and X2. In addition, we equip with 
its Levi metric g :— 9'^ + d9{.,J.), where 6 = dx° + Yl'^j^iix^ dx'^'^^ — x'^^^dx^) is 
the standard contact form of H^. With respect to this metric Xq, . . . , X4 form an 
orthonormal frame of TE? . 



5. Failure of Hypoellipticity on H''' 



(5.1) 
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(5-2) = -j={X, ^X,+,) = — (— + ^z^^), 

(5-3) ZJ = Z-=^i^-^z^£^) 



In the sequel it will be convenient to introduce for j — 1,2 the complex coordi- 
nates z^ = + ix^^^ and z^ = — ix^^^ , as well as the vector fields, 

I , I , d -9 

V2 ^ ^ V2 dzi dx"' 

Then {Zi, Z2, Zj, Zg} is a left-invariant orthonormal frame oi H^C Because of the 
way the CR and real structures are defined in terms of the vector fields Xi, . . . , X^, 
this orthonormal frame is admissible in the sense used in the previous section. 

Let {9^,9^,9^,6^} be the dual coframe of {^1,^2,^1,^2}. In fact, we can 
check that 9^ = y/2dzi and 9^ = V^dz'^ for j = 1,2. Since {^1,^2,^1,^2} 
is an admissible orthonormal frame Eq. p.l9p holds. It actually holds without 
a O^f(l) remainder term. Indeed, as dn = V^'^£{dz^)Zj we can check that 
dfj — X] i-{dz^)Zj, where L{dz^) denotes the contraction by (it agrees with 

that by ^f^Z^ on H* ® C). Following the lines of the proof of Proposition 13.21 we 
then see that no remainder terms are involved anymore. Thus, 

(5.4) = ^ (^e{dz'^)L{dz'') - i{dz^)e{dz^)^ {ZjZk + Z^Z-^). 
Next, observe that 

(5.5) e{dz'^)i{dz^)dz^ = S'^Uz^ and i{dzi)e{dz^) = (1 - 5^^){5^'^dz^ - S^Uz^). 

Using this we can check that, with respect to the frame {dz^, dz^} , on (0, l)-forms 
Ql takes the form, 

(5.6) Qi 



Ai - A2 T 
T A2 - Ai 



where we have set Aj := Z-^Zj -t- ZjZ^, j — 1, 2, and T :~ 1(Z\Z2 + Z\Z^, and we 
also have used the fact that [^1,^2] = [Z2, Zj] = 0. 

Let Tqu :— e~*^ ■^°udx'^ denote the Fourier transform with respect to the 
variable xq on S' . We shall now look at under Tq. Notice this is merely the 
same as looking at Ql under the irreducible representations of M^. To this end we 
shall use the symbol " to denote the conjugation by JFq- We have 

Using this we can check that 2ZjZj is equal to 

= + ^oRj — Co, 

where we have set Hj :— gjg^j — l^-' PCo ^^"^ •^"' afr ~ '^"' afl- Similarly, 

(5.10) 2ZjZj +Coi?j +Co- 
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(5.12) Oz 



We also have 

(5.11) T={^^+ z%)i^ ~ z%) + zHo){^ + z%)- 

oz^ oz'' oz^ dz'^ 

Therefore, on (0, l)-forms we have 

H1-H2 + UR1-R2) f 

T H2 — Hi + ^0(^2 — Ri) 

with f given by ([ETT|) . 

In the sequel we set z — (z^, z^) and we consider the (0, l)-form, 

(5.13) uj-.— udz^, -^(^0, z) exp (— |^o||-z|^) • 

Notice that u is a ground state for the harmonic oscillators Hj and annihilates the 
rotation generators Rj , namely, 

(5.14) Hiu ^ H2U ^ \S.o\u and = i?2U = 0. 

In addition it also annihilates — z^^o)u for Co > and + z^S^q)u = for 
Co < 0, so using 15. iT] we see that 

(5.15) fu = 0. 
Combining all this with (|5.12p we get 

(5.16) Qllo = {Hi -H2+ ^o{Ri - R2)) iidz^ + fudz^ = 0. 
Next, the inverse transform u :— J-q^u is equal to 

27r 7_oo 27r \Jq Jq 

1/1 1 \ -1 |z|2 



2tt 

Notice that u is homogeneous of degree —2 with respect to the dilations (|1.7p . In 
particular u is singular at the origin. 

Set Lu — ^a^i^ — udz^ . In view of (j5.16p we have 

(5.17) Qllo^J^^^Ql^^O. 

Therefore, we see that, although lu is not smooth at the origin, Qllj is smooth 
everywhere. This shows that Ql is not hypoelliptic on (0, l)-forms. 

In fact, the same arguments as above also show that the forms udz^ A dz^ and 
udz^ Adz^ Adz^ too annihilate Ql. Therefore Ql is not hypoelhptic on (1, l)-forms 
or (2, l)-forms. This shows that this is only on (p, 0)-forms and (p, 2)-forms that 
Ql is hypoelliptic. 

6. The Fredholm index of 

Throughout this section we assume that M is compact and has finite type. 

Set A := A*'°® A*'". A consequence of Proposition lX^ is that Ql\a is continuous 
from ^KM, A) to L'^{M, A), where S'|(M, A) is the Folland-Stein weighted Sobolev 
space defined as in (|4.3P " (|4.4p . By Proposition 14.11 the operator Ql\a admits a 
parametrix in the class of singular-integral operators of Rothschild-Stein [RS] with 
a smoothing remainder terms. In particular, such a parametrix maps continuously 
L^(M, A) to 5'|(M, A) and the remainder terms are compact operators on L^(M, A) 
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and ^KM, A). Therefore, seen as a continuous hnear mapping from 5|(Af, A) to 
L^(Af, A), the operator Q^ia is invertible modulo compact operators, hence is a 
Fredholm operator. 

Next, as A is preserved by 7 we have the splitting, 

(6.1) A = A+eA-, A± := ker(7|A T !)• 

Notice that, as 7 is selfadjoint, this splitting is orthogonal. Since the definition of 
the operator Ql in (|3.2[) implies that ^Ql = —QlJ, we see that with respect to 
the above splitting Ql\a takes the form, 

OZ ^ n± 

g+ j' 

Notice that as is selfadjoint — (Qj)*. We define the index of to be 



(6.2) Q^|A=(^"+ Q± :C-(M,A±)-^C-(M,AT). 



(6.3) indQL := dimkerQj — dimkcrQ^. 

Notice that ind Ql agrees with the Fredholm index of Q J in the usual sense, if we 
regard Ql as an operator from ^KM, A+) to L^(M, A"). 

Since Qi is a geometric operator and, as illustrated by Section [TJ there is a 
handful of geometric examples of CR manifolds carrying real structures, we could 
have expected the index of Ql to have some geometric significance. This is not the 
case, however, because of the following. 

Proposition 6.1. We have indQ^ = 0. 

Proof. First, let uj £ kerQ^iA-.o and set ui^ = (1 ± ■'y)uj. Then 

(6.4) 7w± =±(l±7)w = ±w±, 

so iv^ is a section of A^. Moreover, as QlI = —iQl we also have 

(6.5) Qlc^± =Ql(1±7)c^= (lT7)QLt^-0, 

which shows that belongs to kerQ^. 

Notice that, as 7 maps A*^" onto A*'", the fact that cj^ = Lu±"fu} implies that lo 
is the component of oj^ in A*''^ and ^/uj is its components in A*^". Anyhow, we see 
that ijj^ = if and only if w = 0. This shows that 1 ± 7 gives rise to a one-to-one 
linear map from kerQ^|A»,o to kerQ^. 

Conversely, let uj G kerQ^. Since A* C A*'° ® A*'" we can uniquely decompose 
oj as UJ — uj'^ + Lu^ where uP is a section of A*'° and is a section of A*^". We 
have Q = Qluj = Qloj^ + Ql^^- Ql preserves the bidegree, we see that Qlcj^ 
is a section of A*'°, while Ql(^" is a section of A*'". Thus, 

(6.6) Qlw° = Qlc^" = 0. 
Furthermore, as w is a section of A* we have 

(6.7) UJ ^ ±juj ^ ±7cj° + ±7cj". 

Since 7 maps (p, 0)-forms to (n —p, 0)-forms and (p, n)-forms to {n — p, 0)-forms we 
see that ±71^'' is the component of uj with values in A*^", so it must agree with uj'^. 
Hence w = (1 ± w)a;". Therefore 1 ± 7 maps kerQ^iA* " onto kerQ^. 

All this shows that 1 ± 7 is a linear isomorphism from kerQL|A».o onto kerQ^. 
This implies that kerQj and kerQ^ have same dimension, hence indQi = 0. □ 
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The above arguments would have broken down if we had considered the re- 
striction of Ql on ^)-forms, instead of that to (p, 0)-forms and (p, n)-forms. 
However, it is not possible to define a Fredholm index in that case because, as 
explained in the previous section, the operator Ql niay fail to be hypoelliptic on 
(|,^).forms. 
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